We provide a projective description of the space E {M} (Ω) of ultradifferentiable functions of Roumieu type, where Ω is an arbitrary open set in R d and M is a weight matrix satisfying the analogue of Komatsu's condition (M.2) ′ . In particular, we obtain in a unified way projective descriptions of ultradifferentiable classes defined via a single weight sequence (Denjoy-Carleman approach) and via a weight function (Braun-Meise-Taylor approach) under considerably weaker assumptions than in earlier versions of these results. 2010 Mathematics Subject Classification. 46E10, 46F05.
Introduction
In his seminal work [8] , Komatsu gave an explicit system of seminorms generating the topology of the space E {M } (Ω) of ultradifferentiable functions of Roumieu type (for short, a projective description of E {M } (Ω)), where Ω is an arbitrary open set of R d and M is a non-quasianalytic weight sequence satisfying the conditions (M.1) and (M.2) ′ [8, Proposition 3.5] . In [4, Proposition 4.8] , the first and the third authors relaxed the non-quasianalyticity assumption on M to sup p∈N pM −1/p p < ∞. Similarly, a projective description of the space E {ω} (Ω) was implicitly given in [6, Section 3] , where ω is a weight function in the sense of Braun, Meise and Taylor [2] that satisfies ω(t) = O(t). Projective descriptions are indispensable in the study of spaces of vectorvalued ultradifferentiable functions of Roumieu type [8, 4] , e.g., for achieving completed tensor product representations of such spaces.
The goal of this article is to provide a projective description of spaces of ultradifferentiable functions of Roumieu type defined via a weight matrix [11] . This approach leads to a unified treatment of ultradifferentiable classes defined via a single weight sequence and via a weight function, but also comprises other spaces, e.g., the union of all Gevrey spaces. For the two standard classes we obtain projective descriptions under much weaker assumptions than in the above mentioned works; see Corollary 1 and Corollary 2.
Spaces of ultradifferentiable functions of Roumieu type
Let M = (M p ) p∈N be a sequence of positive numbers (a weight sequence). We consider the following three conditions on M:
The conditions (M.1) and (M.2) ′ are denoted by (M lc ) and (M dc ), respectively, in [11] . We use here the standard notation from [7] . The relation M ⊂ N between two weight sequences means that there are C, h > 0 such that M p ≤ Ch p N p for all p ∈ N. The stronger relation M ≺ N means that the latter inequality remains valid for every h > 0 and a suitable C = C h > 0. We set
For h > 0 and a regular compact set
We set
Given an open set Ω ⊆ R d , we define the space of ultradifferentiable functions of Roumieu type (of class {M}) on Ω as
Next, we introduce weight matrices and the associated spaces of ultradifferentiable functions [11] . A weight matrix is a sequence M = (M n ) n∈N consisting of weight sequences M n such that M n ≤ M n+1 for all n ∈ N. We consider the following condition on M: [11] . Given a regular compact set
Finally, we introduce spaces of ultradifferentiable functions defined via a weight function in the sense of Braun, Meise and Taylor [2] and explain how they fit into the weight matrix approach; see [11, Section 5] for more details. By a weight function we mean a continuous increasing function ω : [0, ∞) → [0, ∞) with ω |[0,1] ≡ 0 and satisfying the following three properties:
Given an open set Ω ⊆ R d , we define the space of ultradifferentiable functions of Roumieu type (of class {ω}) on Ω as
We associate to ω to the weight matrix 
Proof. This follows from Theorem 1 (applied to the constant weight matrix M = (M) n∈N ) and [8, Lemma 3.4] .
Given a weight function ω, we define V (ω) as the set consisting of all weight functions σ such that σ = o(ω). 
Proof. By Theorem 1 and Remark 1 (applied to the weight matrix M ω ) it suffices to show that We now turn to the proof of Theorem 1. We use the same idea as in Komatsu Proof. The direct implications are clear. We now show the converse ones.
(i) Suppose that sup p∈N a p /(n p M n p ) = ∞ for all n ∈ N. Choose a strictly increasing sequence (p n ) n∈N of natural numbers with p 0 = 0 and a pn n pn M n pn ≥ n, n ∈ Z + .
Define N p = n p M n p if p n ≤ p < p n+1 . Then, N = (N p ) p∈N belongs to V (M) but sup p∈N a p /N p = ∞, a contradiction.
(ii) For each n ∈ N there is C n > 0 such that
Then, N = (N p ) p∈N belongs to V (M) and sup p∈N a p N p < ∞.
A set A ⊆ R d is said to be quasiconvex if there exists C > 0 such that any two points x, y ∈ A can be joined by a curve in A with length at most C|x − y|. This notion was introduced by Whitney [13] under the name property (P ). The closure of a quasiconvex open set is again quasiconvex [13, Lemma 2] . Moreover, every bounded Lipschitz domain is quasiconvex [3, Section 2.5].
Let K ⋐ R d be a regular compact set such that int K is quasiconvex. For n ∈ N we denote by C n (K) the vector space of all ϕ ∈ C n (int K) such that ∂ α ϕ extends to a continuous function on K for each |α| ≤ n; it is a Banach space when endowed with the norm sup |α|≤n ∂ α ϕ L ∞ (K) . By [13, Theorem, p. 485] , the space C n (K) is topologically isomorphic to the Banach space of Whitney jets of order n on K [12] . Let R > 0 be such that K ⋐ B(0, R). Whitney's extension theorem [14, Theorem I] yields the existence of a continuous linear extension operator C n (K) → C n (B(0, R) ), that is, a continuous linear right inverse of the restriction mapping C n (B(0, R)) → C n (K). The latter implies that the inclusion mapping C n+1 (K) → C n (K) is compact. A standard argument (cf. [7, Proposition 2.2]) therefore gives the following result. Lemma 2. Let K ⋐ R d be a regular compact set such that int K is quasiconvex. Then,
Next, we show a structural result for the dual of E {M} (K); this is the crux of the proof of Theorem 2. We need some preparation. Given a Banach space E, a weight sequence M = (M p ) p∈N and h > 0, we define Λ M,h (E) as the Banach space consisting of all multi-indexed sequences e = (e α ) α∈N d ∈ E N d such that
We define the (LB)-space
and the Fréchet space
The dual of Λ ′ {M} (E) may be identified with Λ {M} (E ′ ); the dual pairing under this identification is given by 
Proof. We claim that the continuous linear mapping
is surjective. Before we prove the claim, let us show how it implies the result. By Lemma 1(ii), it suffices to show that for every bounded subset B of (E {M} (K)) ′ β (in particular, for every equicontinuous subset B of (E {M} (K)) ′ ) there is a bounded subset A of Λ ′ {M} (L 2 (K)) such that S(A) = B. Since (E {M} (K)) ′ β is a Fréchet-Montel space (Lemma 2), this follows from the following general fact [10, Corollary 26 .22]: Let T : E → F be a surjective continuous linear mapping between a Fréchet space E and a Fréchet-Montel space F . Then, for every bounded subset B of F there is a bounded subset A of E such that S(A) = B. We now prove the claim. To this end, it suffices to show that the transpose of S is injective and has weak- * closed range. By the remarks preceding this proposition and the fact that E {M} (K) is reflexive (Lemma 2), we may identify the transpose of S with the mapping
This mapping is clearly injective. We now show that it has weak- * closed range. Let (ϕ j ) j be a net in E {M} (K) and F = (F α ) α∈N d ∈ Λ {M} (L 2 (K)) such that S t (ϕ j ) → F in the weak- * topology on Λ {M} (L 2 (K)). In particular, 
for some D > 0. Pick 0 < h ≤ 1 and n ∈ N such that F ∈ Λ Mn,h (L 2 (K)). Condition {M.2} ′ implies that there are m ∈ N and C, H > 0 such that max 0≤j≤k M n p+j ≤ CH p M m p for all p ∈ N. Hence, F 0 E Mm,h/H (K) ≤ DCh −k F Λ Mn,h (L 2 (K)) .
This shows that F 0 ∈ E {M} (K) and thus F = (F α ) α∈N d = (∂ α F 0 ) α∈N d ∈ Im S t . Proof of Theorem 2. The first statement is a consequence of Lemma 1(i). Moreover, it is clear that for each N ∈ V (M) the seminorm · E N,1 (K) is continuous on E {M} (K). We now show that for every seminorm q on E {M} (K) there are N ∈ V (M) and C > 0 such that q(ϕ) ≤ C ϕ E N,1 (K) , ϕ ∈ E {M} (K).
Choose an equicontinuous subset B of E ′{M} (K) such that 
